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Abstract 



Space of states of VT symmetrical quantum mechanics is examined. Require- 
ment that eigenstates with different eigenvalues must be orthogonal leads to the 
conclusion that eigenfunctions belong to the space with an indefinite metric. 
The self consistent expressions for the probability amplitude and average value 
of operator are suggested. Further specification of space of state vectors yield 
the superselection rule, redefining notion of the superposition principle. The 
expression for the probability current density, satisfying equation of continuity 
and vanishing for the bound state, is proposed. 
PACS Numbers: 02.30.Tb, 03.65.Ca, 03.065.Ta 
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I. INTRODUCTION 



A conjecture of Bessis and Zinn- Justin M states that the eigenvalues of Schrodinger opera- 
tor with potential ix 3 are real and positive. Bender and Bottcher suggested that the reason 
for the absence of complex eigenvalues of this non selfadjoint operator could be VT symmetry, 
where V is space reflection and T is time reversal, and using numerical methods and semiclas- 
sical approximation, found that spectra of Hamiltonians with potential ix N , N > 2 are real. 
The conjecture 0, 0, and numerical validation [0] has provoked a considerable interest in 
recent years, a sample being refs. [j3|- [12|]. Lately, the conjecture of Bessis, Zinn- Justin, Ben- 



der and Boetcher was justified using interrelations between the theories of ordinary differential 
equations and integrable models |§. This approach, based on symmetry considerations seems 
highly promising, paving a road towards identification of non Hermitian Hamiltonians with real 
spectrum. 

Although the proof of the conjecture that the spectrum of non Hermitian and VT invariant 
Hamiltonian contains no complex eigenvalues is still lacking, it is a reasonable question to 
ask whether or not there can exist a self consistent interpretation of the problem described by 
a VT invariant Hamiltonian. 

Assuming that the spectrum of Hamiltonian under consideration is real, we will pursue the 
problem of interpretation of VT symmetrical quantum mechanics. We will take for granted 
that the "one half of the interpretation", namely that eigenvalues are real is already given, and 
will concentrate on the "another half - probabilistic interpretation in terms of the solutions ip. 
We will not assume that the solutions of Schrodinger equation are eigenf unctions of VT , i.e. 
in general VTip(x) = Tp*{—x) ^ e tu} ijj(x). 

We will consider Schrodinger equation in one dimension with VT invariant potential 
VTV(x) = V*(— x) = V(x) and with non vanishing imaginary part - ImV(x) ^ 0. We 
will assume that for Schrodinger equation with this V{x) there is no need to invoke analytic 



continuation in a complex-x plane |L5], i.e. the motion is on a real line 1Z : — oo < x < oo. 
The average values of operators in VT invariant field theory were investigated in M using 
analytic continuation in a complex-0 plane, where is a field operator. Since we consider 
the zero dimensional counterpart of nonrelativistic field theory on a real line, the approach 
based on a Fokker-Planck probability can not be used in the analysis of the problem under 
consideration. 

The paper is organized as follows. In section //, based on the requirement that the state 
vectors corresponding to the different eigenvalues should be orthogonal, we will establish that 
the space of state T is the space with an indefinite scalar product and, as an example of con- 
structing quantum mechanical quantities in VT symmetrical quantum mechanics, we introduce 
probability current density. 

In section 77/ we will overview some necessary material from the theory of indefinite metric 
spaces, and we will find out that the space of states is the special case of spaces with an indefinite 
metric. Namely, it turns out that T is the Krein space, decomposable on an orthogonal sums of 
two Hilbert spaces with positive and negative defined scalar products and allowing to introduce 
a positive defined norm in T . 

Probability amplitude and average of operators are introduced in section IV. It is shown 
that defining amplitude and average value in terms of vectors belonging to JF is free from 
inconsistencies and that the Heisenberg operator equations are satisfied. Results are discussed 
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in section V. 



II. ORTHOGONALITY OF STATE VECTORS: SPACE WITH AN INDEFINITE 

METRIC 



Combined space reflection and time reversal operator 9 = VT is defined as [14|: 



9{ i,x 1 p}9 1 = { -i,-x,p} (1) 

Operator A is 9 invariant if SAO -1 = A, i.e. when [0, A] = 0, the latter valid for the vectors of 
space in which both A and 9 can be simultaneously defined. 
We consider Schrodinger equation on a real line: 



n^(x) = (- + V{x))^{x) = EiP(x), (2) 

with V*(— x) = V(x), ImV(x) ^ 0, and ImE = 0. Let us address the question about the nature 
of the space of state vectors T 3 ip and about the existence of satisfactory interpretation in 
terms of if). 

As a starting point in analyzing T we consider eigenvalue equations TCi/j a — E a ip a , TLipp = 
Epipp. From 8V(x) = V*(— x) = V(x) it follows that the solutions of @ are ip(x) and x) 
which, in its turn, leads to the relation 

(E a - Ep) f dxtfj a {x)^J-x) = (3) 

In (0) it is already assumed that ImE = 0, if eigenvalues are complex, E a — Ep has to be 
replaced by E a — Ei. 

One of the cornerstones of the interpretation is that it is impossible to measure two different 



eigenvalues for the same state | 14}| . Therefore, probability is defined in accordance with the 



requirement that there is no transition between the eigenstates with different eigenvalues [|14 
In order to maintain in 9 symmetrical quantum mechanics the feature that the transition 
probability between the eigenstates with different eigenvalues vanishes, let us suggest that the 
transition probability amplitude in 9 symmetrical quantum mechanics is 



{$a\i>p) = / dxtl) a (x)(9ipp(x)) = / dx^ a (x)il:*J-x) } (4) 
Jn Jn 

in other words, we postulate that T is a linear space with the scalar product (^). Relations 
and (HD imply that (ip a \ipp) = when E a ^ E@. 

Another way to introduce the scalar product (Q) is as follows. Let both Sturm-Liouville 
operator 7i and eigenvalue E be invariant under the transformation Q, i.e. let fl / H(x)fl~ 1 = 
7i(x) and VIE = E. Then, instead of starting from (f|), one could postulate that the scalar 
product in T is defined by: 

(Vfel^/O = / dxip a (x)(£lipp(x)) (5) 
Jn 
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When Hamiltonian is Hermitian (when ImV(x) = 0), definition fl5|) leads to the familiar expres- 
sion for the scalar product in a Hilbert space: (ipal^^H = In ( ^ x ' l l ) »( x )' l ( J ^( x ) = (tfalitp)- The 
difference between (i[) a \i/;p) and (V'al^/j) is determined by the symmetry properties of Hamilto- 
nian (more precisely, by the symmetry properties of V(x)): from the Hermiticity of Hamiltonian 
it follows that scalar product is (ip a \ipp) , and for the 9 invariant Hamiltonian the scalar product, 
satisfying requirement of orthogonality for ip a and xpp, is defined as in (f|). 

When V(x) is ^-invariant and ImV(x) 7^ 0, ij}*(x) is not the solution of (0) and as a result 
{i/} a \ipp) is no longer orthogonal: 



(6) 



(l/>a\ll>p)H = {fPA^p) = / dxi}(x) a 1pp(x) ^ 



n 



This relation is an evident consequence of V(x) 7^ V*(x). 

Since in case of 6 invariant Hamiltonian ip a and ipp are orthogonal with respect to the scalar 
product (f|), (ipalitp) — when E a 7^ Ep, one is tempt to interpret the scalar product (|) as 
the transition probability amplitude between the two states described by the vectors ip a and 
ipp. This will lead to a satisfactory result - transition probability between the states ip a and 
vp/3, labelled by the values of observable E a 7^ E@ is zero, as it should be for a physical states 

[Hi- 
Scalar product (£|), respecting orthogonality for the different eigenvalues, is defined in terms 

of if)(x) and i[>*(—x). As an example of using (|) instead of the one defined in Hilbert space, (|), 

let us consider diagonal form (^Vl^). The remarkable feature is that when V is a 9 invariant 

operator, (^Vl^) is real: 



Im{ij)\V\ 



Im I dxif)(x)V(x)i()*(—x) 



■r 



dxi 



Reip{x)Reip{—x) + Imip(x)Imip(—x) 



ImV(x) 



Reip{—x)Imip{x) — Reip(x)Irmfj(—x) 



ReV(x) 



0. 



(7) 



which follows from ReV(x) = ReV(-x), ImV(x) = —ImV(-x). Relation (|?p resembles the 
one used in quantum mechanics: Im{'ip\V\'ip) = for selfadjoint V< = V 
As the another example let us examine the following expression: 
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3{ x ) 



i()(x 



d6tjj(x) 
dx 



— 8ip(x 



dip(x) 



dx 



(8) 



It is straightforward to verify that when 6V(x) = V*{— x) 
equation for j: 



djjx) 
dx 







V(x), eq. (0) leads to a continuity 



(9) 



If one uses i/j*(x) instead of 6ip(x), the continuity equation fails: r.h.s. of (|9]) contains ImV 7^ 
(since it is assumed that ImE = 0, we do not consider unstable states). Symmetry of 
Hamiltonian dictates firmly that j(x) should be defined as a bilinear form of ip(x) and 9ip(x). 
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Assuming that j(x) represents the probability current density, it is necessary to satisfy 
besides @ another condition, namely that for the bound state j(x) = 0. Let us impose on a 
9 symmetrical problem (fj) the boundary condition, resembling the bound state condition for 
the Hermitian case, 

V>(±oo) = (10) 



Note that the well known feature of non degeneracy of a one dimensional motion |TJJ is still 
retained - if ip a (x) and ij)p{x) satisfy equation @ and boundary condition (|10"D with the same 
eigenvalue, then ipa( x ) — cip^x) with c constant (at this point it is not necessary for eigenvalues 
to be real). When ImV ^ 0, the real and imaginary parts of ip do not satisfy the same equation, 
so non degeneracy does not lead to Imip(x) = cReip(x). In other words it is not necessary 
that ip = Reip + ilmip = (1 + ic)Reip: solution of the Schrodinger equation with 9 invariant 
Hamiltonian, satisfying boundary condition flTUD, can have a non trivial imaginary part. Since 
it is 9ip(x), and not ip*(x), which satisfies Schrodinger equation, non degeneracy implies that 
ipBound(x), satisfying boundary condition fllCf ), is the eigenfunction of PTQ: 

O^Bound(x) = i>Bound{- X ) = ^ V 'Bound(x) (11) 



From the definition (ffl) and the relation ([TTj) we obtain that for the bound state j(x) vanishes: 



jBound{x) = (12) 

Equations (^) and ( |T2D indicate that j(x) could serve as the probability current density: j(x) 
is conserved, and jBound(x) = 0, as one would expect for the probability current density [Q. 

So, the scalar product (|j) leads to the results similar to the ones of conventional quantum 
mechanics, and one could consider ([|) as a necessary ingredient for describing and interpreting 
quantum mechanical problems with VT invariant Hamiltonian. 

The subtlety appears when one address the question of normalizability. Let us examine the 
diagonal form: 



(iplip) = / dx^(x)9ijj(x) = / dxijj(x)tjj' k (—x) = / dxp(x) (13) 
Jn Jn Jn 

If (i/) a \ipp) is understood as the transition probability amplitude from the state described by 
ip a to the state described by then the expression ([13|) is the amplitude of probability of 
the transition from the state characterized by vector if> into the same state, and the physical 
requirement is = 1. 

The integrand in (|T^) has a non zero imaginary part but since Imp(-x) = —Imp(x) we 
obtain readily that is real: 



1 Numerical solution for V(x) = ix 5 shows that for bound as well as for excited states Re^(x) 
Retp(-x) and Irmp(x) = —Imip(—x), i.e. in this case 6ip(x) = ip(x) ]16[. 
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The distinctive feature is that the expressions ([13]), ( ^4|) are not positive defined, and thus 
(ip\ip) can not be normalized to 1. Positive defined expression is achieved only when ip is an 
even function: i[) ev (—x) = i[) ev (x): 

(lpev\^ev) = dxip ev (x)lp* v (x) > 0, (15) 

Jiz 

but in general, the diagonal form flT3"|) can be positive, or negative, or zero. E.g. when ip^ is an 
eigenf unction, i.e. 9ipoj(x) = ip^—x) = e llJ i[)u(x), we have: 



{il>u\il>u) = J n dx [ 



cosu 



Re 2 ijj UJ (x) - Im 2 ip iLj (x) 



— 2sinujReil) ul {x)Imil) U j{x) (16) 



Therefore, T is a linear space with indefinite metric, in particular, from {ip\ip) = it does not 
necessarily follows that ip = 0. 

In |TJj it was suggested that the norm (in a complex x-plane) is: 

dxip 2 (x), (17) 



c 

and it was conjectured that in the momentum space this norm could be positive defined. Since 
we are considering motion on a real line TZ, using Fourier transform it is straightforward to 
demonstrate that 

(v#) = / dpt&ri-p) (is) 

i.e. expressions ([13]) and ([[7]) ( (p~7|) is the special case of (|i~3|), realized when 9ip(x) = ip(x)) 
are not positive defined on the momentum real line as well. 

So, T G ip is the space with an indefinite metric and we need to specify the space where 
scalar product is defined via (f|) and at the same time it is possible to realize the probabilistic 
interpretation of 9 symmetrical quantum mechanical problem. To do so, let us recall some basic 
statements and theorems from the theory of spaces with an indefinite metric [ |T7jj . 



III. NORMALIZATION OF STATE VECTORS: KREIN SPACE 

For any element ip °f indefinite metric space T there are three possibilities: vector is 
positive {tp + G : {ip + \ip + ) > 0}, or negative: {ip~ G T : {jp~\ip~) < 0}, or neutral: 
{ip° G J 70 , ip° 7^ : (ip \ip ) = 0} (clearly the zero vector ip = is neutral). In general, 
T contains all three subspaces. The semidefinite subspaces JF + and T~ are defined as 
the ones with nonnegative and nonpositive scalar products: {tp + G JF + : (ip + \ip + ) > 0} and 
{^"G^: (VrhT)<0}. 

In the semidefinite subspace the scalar product (ipalipp) is insensitive to To see this, let 
us use the Schwarz inequality, valid in ^ fTT|| : 

K^l^' )! 2 ^^ ^ )^' !^' ), (19) 

From flT9|) it follows that ip° is orthogonal to any ip G T: °) = 0. Therefore, neutral 

vector does not affect the value of the scalar product: (i/; a + aip \ipj3 + bip°) = (i(> a \il>p). Since 
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(ifj°\J-' ± ) = and (ip \ip ) = 0, below we will consider ip + G F + and ip~ G T~ , pinning out the 
subspace JF° from the space of states of 9 symmetrical quantum mechanics. Therefore, the first 
constraint we impose on the space of state vectors is that T is an indefinite metric space not 
containing neutral vectors 

Second constraint originates from the fact that, in general, T might be not decomposable as 
an orthogonal sum of JF + and T~ [|17]], and this is the reason why it is impossible to introduce 
the norm into the whole space T. Space with an indefinite metric T can be decomposed as an 
orthogonal sum of T + and T~ when JF+ and T~ are orthogonal regard to the scalar product 
defined into the whole T: 

= (20) 

In this case, i.e. when T = JF+©JF~, subspaces ^ r± can be completed to Hilbert spaces with the 
norms ||^|| = \J {ip\ip) when if) G J-" + , and H^H = \J—(if)\if>) when if) G T~ . This is a definition of 
a Krein space, the indefinite metric space which admits an orthogonal decomposition in which 
J 7± are complete, and where the positive defined norm can be introduced |jP7| . Based on these 



properties, we suggest that the space of states of 9 symmetrical quantum mechanics is the Krein 
space. 

Let us describe the prescription for introducing norm in the Krein space |[L7| . Define pro- 
jection operators IP 1 satisfying relations: 

= t±\ n+ + ir = i; n+rr = o (21) 

Operators Il ± , U^ip = ip^ can not be introduced in any space with an indefinite metric: the 
necessary condition is the relation (p0|), i.e. T has to be the Krein space (it can be proved that 
any space with an indefinite metric and positive defined norm can be mapped to a Krein space 



Next step is to bring into consideration the linear and unitary operator J which maps T 
onto itself: T T: 

j = n+ - rr (22) 

It can be demonstrated that J is bounded self adjoint operator, and ^ is the eigenspace of J 
with eigenvalues ±1. 

Operator J enables to introduce a (positive defined) scalar product {if)\4>)r into the whole 
Krein space (i.e. for all if>,(f) G J 7 ) according to the formula 

= {Mi) = (^ + i0 + ) - form (23) 



Note that when if) G T + and <f> G T , i.e. when (if)\4>) = (see eq. (|2"0"|)), it follows from (^) 
that {if)\<f>)r = (^|0) - (O|0) = 0. 

Let us now apply prescription ( p3l) to the indefinite metric space where the scalar product 
is given by (W): 



(M) = / dxip(x)(9(f>(x)) = / dxif)(x)(j)*(-x), (24) 



and T = F + © T~ 
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To find operator J and thus to define the norm for the problem under consideration, we 
introduce 

** - (25) 

where V is the space reflection operator: Vip(x) = if)(—x). From V{K + ip(x)) = K + if>(x) we 
obtain 



(K + ifj\K + ifj) = / dxK + if;(x)(K + ip(-x)Y = 
Jn 

dxK + ifj(x){V{K + ifj(x))Y = [ dxK + i(j(x)(K + if)(x))* > 0, (26) 
n Jn 

i.e. when the scalar product is given by @ it follows that the positive vector ip + is ip + = K + ip, 
and the comparison with (pT|) gives 

n+ = if+ (27) 

The arguments similar to those leading to (pTD, result in Il~ = and from ( p2]) and (2^) we 
obtain that in our case J is the operator of space reflection: 

J = n + - IT = K + - K~ = V (28) 

Now from (^3|) , (H), and (p8|) it follows that the positive defined scalar product into the 
whole Krein space T = J r+ © T~ is 



{lf)\<f>) T EE (J^|0) = (^|P0) = / dx^{x){V(j){-x)y = / dxif)(x)(f>*(x) EE (^|0>, (29) 

i.e. the Hilbert space scalar product is reproduced. The norm in Krein space with the scalar 
product (f§) is given by 



= (ip\Jip) = (iplVi/j) = / dxip(x)ip*(x) ee (^) > (30) 
Expression (BO) satisfies requirement of normalizability for the vector if) characterizing physical 



state - since H^H = J \\ip\\ 2 > 0, one can always renormalize: if) — > if)' where ||^'|| 2 = 1. Note 
that "moving backwards", i.e. suggesting that according to (|30|) the amplitude of transition 
from ip a to ipp is given by (ip a \ipp) = J dxip a ip^(x) will lead to a wrong result - vectors describing 
the states with different eigenvalues will no longer be orthogonal (see eq. (0)). 



IV. PROBABILITY AND AVERAGE VALUE IN 9 SYMMETRICAL QUANTUM 

MECHANICS 

We will not consider the case when Krein space reduces to JF + or to i.e. when the space 
of states is a Hilbert space. In other words we assume that ImV(x) can not be removed by a 
similarity transformation. The problem when quantum mechanical system with non Hermitian 
Hamiltonian can be mapped to the problem defined in Hilbert space with a positive defined 
scalar product is discussed in JTCTJ. 
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We suggest the following expression for the amplitude describing transition from the state 
ip 3 a to the state tpl : 

A$ = BA&= . <ff\ ., (31) 

In (|3T| ) a, /3 label eigenstates of Hamiltonian, and j, j' = ±1 are the eigenvalues of the operator 
J (see (H)). 

Let us discuss the amplitude (pTj) . 

If J 7^ j'; then, according to the definition of Krein space as an orthogonal sum (see (p0|)), 
from (ip + \ip~) = it follows that A^I = 0. Note that if we define A 3 h not via the scalar product 
(||) but by the scalar product in Hilbert space, the "± orthogonality" is still valid, since we 
have (JF + |JF _ ) = as well as (JF+|JF _ ) = 0. However, if both ip a and ipp belong only to 
or only to amplitude written in terms of {ip J a \ipp) will no longer provide orthogonality, i.e. 
probability of the transition from the state with eigenvalue E a to the state with eigenvalue 
Ep will not vanish. The reason for choosing amplitude as in (|3lD is that (ipi\\?pp) guarantees 
orthogonality when ijj J a and i/rL belong to the same as well as to the different subspaces of T . 

The fact that space of state vectors does not contain neutral vector defines a superselection 
rule in 9 symmetrical quantum mechanics: if ipt is a state vector and ipp is a state vector, then 
= c a ipa + c p^~p does not corresponds to any realizable dynamical system. Since the equation 
(0|0) = c a c*(^Q \i>a) + c /3 c p(' l Pp\' l Pp) — can have a non trivial solution, can not belong to T . 
In distinct with Hilbert space, the superposition principle acts separately in subspaces ip G 
and ip G T~: linear superposition of ip + and ip~ is not the element of T . This superselection 
rule resembles the one in quantum field theory, where the linear superposition of states with 
different quantum numbers (e.g. ^ pro ton + ^ electron) > or superposition of different representations 
of Poincare group (e.g ^ sp in i + ^ spin 1/2) is not a state vector |18| . We interpret the eigenvalues 



±1 of the operator J as a (conserved) quantum numbers in 6 symmetrical quantum mechanics; 
consequently, one can describe 9 symmetrical quantum mechanics as a conventional quantum 
mechanics in a J - invariant space (for a notion of J - invariance see ||17|| ). 

Using inequality (|19D we obtain that the amplitude A^p satisfies requirements similar to 
those in quantum mechanics |0 



\A%\ < 1, A j J a = 1 (32) 



In other words, though the space of states contains negative vectors, definition (|31|) does not 
faces inconsistencies caused by an indefinite metric. 

The another point of interest is the average values of operators. In analogy with the quantum 
mechanics we suggest that the average value of the operator O in the state described by tj) 3 is 

{0) = WWY (33) 

Let us consider the time derivative of average value (since ip° ^ J 7 , denominator in (^) can 
always be normalized to 1, or — 1; derivation below is valid for any of the signs): 
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± M d) = Jj x (W^di,(. X ,t) + W(l , t ))d**M) (34) 

Using the time dependent Schrodinger equation with the 9 invariant Hamiltonian 

. dfi(x,t) ~ . d{9^{x,t)) ~ 

i — = Hip 3 {x,t), -i — =H(&iP(x,t)) (35) 

it is straightforward to demonstrate that 

^-Av{6) = iAv{HO - OH) (36) 

Lit 

Therefore in a 9 symmetrical mechanics Heisenberg equation 

= OH - HO (37) 



is satisfied. Of course, operator equation ( p7|) is defined in space T with the scalar product fl4Tj. 

Note that the scalar product ([|) satisfies relation (if>\0<p) = (909~ 1 ip\<f)), the analogy of 
which in Hilbert space is (ip\0<p) = (0^if)\<f>). Since selfadjoint operator in Hilbert space can be 
not selfadjoint in Krein space, expression (^) can be associated with the values of observables 
only when is 9 invariant, like Hamiltonian, momentum, or operator ix. In connection with 
the notion of self adjoint operators in Krein space let us refer to the following theorem: the 
spectrum of the operator O which is symmetric (i.e. (Gif)\(f>) = (ip\0<f)) for every if), <f> G T) 
and positive (i.e. (Oip\ip) > for every if) 6 T) is real |T7|]. According to this theorem, 
the necessary condition for the operator O to have a real spectrum is that O is a symmetric 
operator, in other words the necessary condition is that operator is 9 invariant, the case we 
are concerned with. The spectrum will be real if 9 invariant operator O is positive, the case 
necessary to be investigated separately for every given operator. This problem lies beyond the 
scope of the present paper. 



V. DISCUSSION 

We have considered quantum mechanical problem with 9 = VT invariant Hamiltonian 
H = —d 2 + V(x) with 9V(x) = V*(— x) = V(x), ImV(x) ^ 0. Requiring orthogonality and 
using the symmetry of Hamiltonian we have obtained that the scalar product in space of state 
vectors T is given by (|j), which, in its turn leads to the conclusion that T is a space with 
an indefinite metric. The requirement of normalizability leads to the further constraints on 
the space of state vectors and as the result, T can be identified with the Krein space. The 
latter can be (loosely) defined as the orthogonal sum of two Hilbert spaces, rigged with positive 
and negative defined scalar products. Excluding neutral vector if>° ^ : (if)°\if)°) = from 
physical states we have arrived to the superselection rule in T\ not any superposition of state 
vectors belongs to T . Transition amplitude (j31~l), and the average value (|33D can be defined in 
a self-consistent way in T . 

The superselection rule is the feature characterizing the quantum field theory, where, in 
distinct with quantum mechanics, there is no one to one correspondence between the pure 
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states and the rays of space where the algebra of field operators is realized [|ll|. In other words 



space of states in quantum field theory is not the linear space, but rather the orthogonal sum 



of linear spaces JTSJ: the same happens to be true in 9 symmetrical quantum mechanics. 

Another aspect of 9 symmetrical quantum mechanics, not realized in conventional quantum 
mechanics, is the space with an indefinite metric. Again, this feature shows up in a certain 
field-theoretical models: the two well established examples are quantum electrodynamics [Jig 



and the exactly solvable field theoretical model by T.D.Lee [ID]. The indefinite metric in 
quantum field theory is in a sense "fictitious", since it corresponds to the dynamics of the 
redundant degrees of freedom, and the requirement that dynamics should be realizable in the 
space of physical degrees of freedom leads to the reduction of the space of all (physical and non 
physical) states to the space of physical states with positive defined scalar product; the space of 
physical states is complete relative to this scalar product [13], [B5|. In a 9 symmetrical quantum 



mechanics there are no "extra, non physical" degrees of freedom, therefore it is impossible to 
introduce auxiliary condition allowing to eliminate subspace with the non positive defined scalar 
product. In general, the complete set of base vectors in spaces with an indefinite metric consists 
of vectors with positive, as well as with non positive norm: JF is complete, i.e. it is a Hilbert 
space relative to the norm (i/)\ip) |T7| . The reduction of space of states can result in to an 
incomplete set (the problem of completeness for the potentials ix 3 and —x A is discussed in P0| ) 
which would make interpretation impossible. 

Concluding, it is possible to give a self consistent interpretation for VT symmetrical version 
of quantum mechanics. The price one has to pay is to abandon the Hilbert space and to switch 
to Krein space with an indefinite metric. This feature, as well as the superselection rule are 
the aspects not present in formulation of the Hermitian quantum mechanics. Nevertheless, 
they do not violate the general requirements presented to probabilistic interpretation. The 
results presented are valid when ImV(x) is not vanishing, therefore there can not be a smooth 
transition to the Hermitian case: from the very beginning, depending on the symmetry of 
Hamiltonian, the scalar product is defined either as (|) (Krein space), or as (|) (Hilbert space). 

Needless to say that any discovery of a dynamical system, described in terms of non Her- 
mitian and VT invariant Hamiltonian will be more than welcome. 
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